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Xi such that Xj is a parent and the graph is acyclic (Figure 2D). Lastly, new parents are sampled for

Xj, yielding the graph G⊕ = G
Xi←−π̃i,Xj←−π̃j
$ . This is the new proposal DAG G+ = G⊕ (Figure 2E).
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Figure 3: Schematic of the edge reversal move. First, an edge is selected at random (A). The edge
is reversed (B). The nodes connected by the edge (nodes X1 and X2) are orphaned by deleting those
edges that connect them to their parents, this is the graph G$ (C). A parent set π̃G(X1) for X1 which
contains X2, is sampled for such that the graph is a DAG. In this example, π̃G(X1) = {X2, Q2} (D).
Lastly, a new parent set for node D is sampled for (E) yielding the proposal graph G+ = G⊕ .

Following [15], let
δ(G) −→ {0, 1},

be an indicator function, with value δ(G) = 1 is the graph G is a DAG, and 0 otherwise. Note that
the addition to upstream QTL in the parent sets will never give rise to acyclic structures. Denoting
ψ[·] as the local posterior scores calculated in Section 2-3, we define two partition functions required
for the proposal calculations. Let Z(Xn | G) be the sum of local scores over all parent sets π for
which GXn←π is a valid DAG:

Z(Xn | G) =
∑

π:δ(GXn←π)=1

ψ (Xn, π | D) . (6)

Given a DAG G and a second node Xm, the second partition function is a sum of local scores over
all parent sets π of Xn which contain Xm, i.e., Xm ∈ π for which GXn←π is a valid DAG:

Z∗(Xn | G,Xm) =
∑

π:δ(GXn←π)=1, Xm∈π
ψ (Xn, π | D) . (7)
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4.2 Applications

We have applied the proposed method on simulated data and real data from an MRLxSM F2 inter-
cross. In both cases, the data consists of a mixture of continuous and discrete variables (nodes). The
sparsity and parameter priors were set at: τ = .1, a =, b =, c =. In our calculations, we implement
a combination of single edge proposals and REV moves to sample the model space. Figure 4 shows
the possible proposal moves from a graph G which are restricted to preserve the known relationship
between phenotype and genotype.

Children

P
ar

en
ts

X1 X2 Q1 QsXt

X1

X2

Q1

Qs

Xt

G =

Add edge
Delete edge
Reverse edge
REV move

Add edge
Delete edge

(Add edge)
(Delete edge)

0

.  .  .  .  .  .  .

.  
.  

.  
.  

.  
.  

.

.  .  .  .  .  .  .

.  
.  

.  
.  

.  
.  

.

Figure 4: The possible proposal moves between variables in the graph G are indicated. Interactions
between QTL (·) were not considered in the present work .

Each graph in the sample is a different configuration of the nodes in the network. Taken together, the
sample represents an ensemble of each with a posterior probability. It is critical to assess convergence
before making sample based inferences. Our approach is to determine wether the MCMC chains
have forgotten there starting points by monitoring each parameter (connection in the graph) over m
parallel Markov chains of length n started from random DAGS. Following [24], for each parameter we
determine if the chains are further apart than can be expected based on their internal variability. We
define a parameter over m chains of length n as gi,j, where i = 1, . . . ,m and j = 1, . . . , n. For each
parameter, we calculate the between-sequence variance:

B =
n

m− 1

m∑

i=1

(ḡi − ḡ)2, where ḡi =
1

n

n∑

j=1

gi,j, ḡ =
1

m

m∑

i=1

ḡi

and the within sequence variance:

W =
1

m

m∑

i=1

s2i , where s2i =
1

n− 1

n∑

j=1

(gi,j − ḡ)2.

Under the assumption that the starting points of the chain are over-dispersed, a conservative variance
estimate is given as:

v̂ar(g) =
n− 1

n
W +

1

n
B.
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Zhu et al. first applied Bayesian Networks to eQTL data [6]. This group later showed that incorpo-
rating genetic information in the form of a structural prior into the estimation process (genotypes at
QTL) considerably improved the network reconstruction process and predictive accuracy on simulated
data, and marginally on real data from an intercross [7]. Although described as a structural prior, it
is derived from observed relationships between genotypes at QTL and phenotypes. The genotypes at
QTL are considered prior information and not modeled explicitly. We emphasize that a true Bayesian
prior conveys information about the data that is not conditional on any observed process within the
data set.

Until recently, methods that use QTL to infer causal relationships between phenotypes has not taken
into account the uncertainty in the genetic architecture. Neto et al. were the first to develop a sta-
tistical framework for joint inference of the phenotypes and QTL [8]. The algorithm they developed
(QTLnet) to explore the posterior is a computationally intensive Metropolis-Hastings routine requires
a QTL mapping analysis for each proposal. have to review more carefully what each group has done,
particularly Schadt. Need to add Storey’s TRIGGER algorithm, and Elias’ first paper.

Bayesian Networks
Bayesian Networks are graphical models which describes joint multivariate probability distributions
which capture conditional independencies between variables [9]. In the graphical representation,
network nodes correspond to discrete or continuous random variables connected by edges depicting
variable dependencies. We define the data as:

D =





X1, X2, . . . , Xn︸ ︷︷ ︸

X

, . . . , Q1, Q2, . . . , Qm︸ ︷︷ ︸
Q





,

where X and Q are the sets of random variables representing phenotypes and genotypes at QTL
markers respectively.

The graph G is in the form of a directed acyclic graph (DAG) and obeys the Markov Property which
states that each variable, Di, is independent of its non-descendants, given its parents in G. The DAG
structure allows us to conveniently decompose the joint probability distribution into the product:

P (D1, D2, . . . , DN) =
k∏

i=1

P (Di | πG(Di)) (1)

where πG(Di) is the set of parents of Di in G. Identifying the DAG that best explains the data is an
NP-hard problem [10, 11]. The number of DAGs for n variables is super-exponential in n. There is no
closed for computing DAG cardinality, but to put things into perspective, there are 543 possible DAGs
for 4 nodes and O(1016) networks for 6 nodes [12]. The large number of possible DAG structures,
makes an exhaustive search through all graph structures impossible.

A Bayesian methodology allows the investigator to shape the model space by integrating a-priori
knowledge about the system through structural and parameter priors. The posterior distribution is
the conditional probability of the graph G after the data D is taken into account, and can be written
as the product of the structural prior P (G) and the marginal likelihood P (D | G):

P (G | D) ∝ P (D | G)P (G). (2)
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The Trouble with Triples: 
Can we Infer Causality from Omics Data? 



Triplets Analysis of eQTL 
The Recipe: 

T T ⁄ X Y 

T T ⁄ X Q 

T T ⁄ Y Q 
T T Y Q | X 

T T X Q | Y 

T T X Y | Q =>      X  Q  Y 

=>      Q  X  Y 

=>      Q  Y  X 



Triangle test 
The triangle test is applied to every transcript feature selected and is 
used to evaluate the likelihood that the gene is significantly predictive 
of the response to a drug, beyond the contribution of the linked 
genotype. Assuming a transcript feature E is selected for phenotype D, 
we use permutation testing to evaluate the significance of causal edge 
E-D. This is carried out for all genetic loci L that link to E and is 
controlled for the influence of L-D. More specifically, we assess the 
significance of association between E and D by permuting E fixed 
under the genotype L. If gene expression remains significantly 
predictive (even when permuted while keeping the allele at L fixed), 
we determine that E holds additional information beyond that encoded in the 
marker L and is likely a causal factor. 

Identifying the genetic basis of drug resistance 
B-J Chen et al., 2009. Molecular Systems Biology, 5:310 



The Result: 



Causal Inference 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RandomizaFon 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“… conditioning represents passive 
observations in an unchanging world 
whereas actions change the world.” 

 -Pearl, 2000 

Pr( y | x )    Pr( y | do(x) )    

Observation Intervention 

The aim of causal inference is to 
 predict the effects of interventions 
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CorrelaFon is not causaFon 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Adding a Third Variable 

X  Y 

Z  P(Y|do(X)) = ΣzP(Y|X,Z)P(Z) 

X  Y 

Z 

X  Y 

Z 

P(Y|do(X)) = P(Y|X) 

P(Y|do(X)) = P(Y) 



Instrumental Variables 

X 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U 

Z 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T T ⁄ Z X 
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Z Y  | (X,U) 



Effect EsFmaFon in a Linear System 

If   E(Y | do(X=x1)) – E( Y |do(X=x0)) 

=  β (x1 – x0) 

then   β = r(Y,Z) / r (X,Z) ^ 



Mendelian RandomizaFon: 
Genotype as an instrumental variable 

•  Q is independent of U 

•  Q directly affects X 

•  Q does not directly affect Y 

X  Y 

U 

Q 



Marker Loci as Instruments 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Heterogeneity 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Linked QTL 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Pleiotropy 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PopulaFon Structure 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Reality 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Surrogate Variables and  
Measurement Error 



Nearly Non‐idenFfiable Models 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Faithfullness 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Conclusions 

•  Causal inference is based on assumpFons that are not 
enFrely verifiable from data 

•  Local eQTL can serve as instrumental variables for 
esFmaFng causal effects 

•  Linkage, pleiotropy and populaFon structure can confound 
causal effect esFmaFon with eQTL 

•  Surrogate variables and measurement error can lead to 
incorrect causal models 

•  HomeostaFc mechanisms can mask causal effects 







Any QuesFons? 



References 

•  J. Pearl, 2010, Causality 

•  V. Didelez and N. Sheehan, 2007, Mendelian randomizaFon 
as an instrumental variable approach to causal inference. 
Stat Meth Med Res 16:309‐330. 

•  G Davey‐Smith and S Ebrahim, 2003, Mendelian 
randomizaFon: can geneFc epsidemiology contribute to 
understanding environmental detreminants of disease? Int 
J Epidemiology 32:1‐22. 

•  J Pearl, 2010, On measurement bias in causal inference, 
Tech Rept R‐357, UCLA. 



Our center is actively applying a systems approach to study the 
genetics of health and disease, incorporating new statistical 
methods for the investigation of complex disease-related traits 
in the mouse. 

Career opportunities are currently available for: 

Postdoctoral Researchers 

The Jackson Laboratory was voted #2 in a poll of postdocs 
conducted by The Scien)st in 2009 and is an EOE/AA employer 

Biostatisticians 

Software Engineers 

To apply submit a CV to Imogen Hurley 
(Imogen.Hurley@jax.org) 




